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Digital inline pump–probe holography can be applied to estimate parameters of samples’ optical nonlinear proper-
ties. Here we propose a mathematical model to describe noncollinear degenerate phase modulation in samples with
inhomogeneities of nonlinear refractive index over all three dimensions, namely, two-layered samples and samples
with local impurities. The impact of sample parameters in the considered configurations is analyzed. We show that
analysis of inline digital holograms obtained by time-resolved inline digital holography can be successfully used for
rapid detection and characterization of various types of nonlinear refractive index inhomogeneities. ©2021Optical

Society of America

https://doi.org/10.1364/AO.415102

1. INTRODUCTION

Nowadays, various approaches have been proposed for the
investigation of nonlinear optical phenomena. The develop-
ment of such techniques is motivated by the rapid growth of
interest in the design of nanomaterials and new photonic and
optoelectronic devices operating on the basis of these phenom-
ena [1]. One of the important nonlinear phenomena for these
areas of technology is the photorefractive effect [2] arising from
light–matter interactions that can be described by a third-order
term dependent on the material dielectric polarization on the
electric field strength. Alternatively, such nonlinear interactions
at the original frequencies are also described in the second order
in the refractive index expansion. Consequently, the nonlin-
ear refractive index coefficient, n2, is a crucial parameter for
characterization of nonlinear media or photonic devices, and
techniques for its measurements have the close attention of
scientists.

Despite a wide variety of techniques for measuring the non-
linear refractive index coefficient, many of them, such as z-scan
[3], have not been adapted for measurements of local variations
of samples’ nonlinear optical properties. Meanwhile, investi-
gations of some specific inhomogeneous optical samples are of
significant importance due to increased interest in composite
materials [4,5], layered structures [6,7], development of all-
optical logic gates [8,9], and mixed linear–nonlinear lattices
[10].

Recently, measurements of local nonlinear properties in
sample depth were demonstrated by a nonlinear ellipse rotation
technique [11]. Among other possible techniques for char-
acterization of optical nonlinear photorefractive properties,
interferometry and digital holography are noted [12–19] since
they simultaneously provide spatially resolved signals.

Recently, we presented a novel pump–probe time-resolved
inline digital holography (TRIDH) method [16] that allows
one to estimate nonlinear optical properties, in particular, n2

and nonlinear response relaxation time τ , of homogeneous
glass samples. While common methods for investigation of
nonlinear optical phenomena usually utilize the focusing of laser
radiation onto the sample to achieve a higher power density and
induce a stronger nonlinear response (e.g., [3,11,17,20,21]),
the TRIDH technique requires implementation of a lens-
less optical setup where the pump beam is collimated [22].
It provides improved stability of the optical system [23] and
decreases sensitivity to distortions induced by optical elements.
Moreover, TRIDH allows to detect and investigate nonlinear
responses with moderate power densities of laser radiation,
which can be advantageous when working with materials with
low destruction threshold levels.

The TRIDH technique requires the acquisition of a number
of inline digital holograms and comparison of pre-processed
probe pulse diffraction patterns with the diffraction patterns
obtained during numerical simulation of noncollinear degener-
ate phase modulation (NDPM) of the probe pulse in the studied
sample. To address this, a specialized mathematical model of the
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phenomenon was developed. The model allows to numerically
reproduce the NDPM in a homogeneous sample that takes
place in the experiment and ensures the matching between
simulated and experimentally recorded diffraction patterns with
high accuracy. In this paper, we provide a detailed mathematical
description of an improved model that allows reproducing the
NDPM in samples with inhomogeneous optical nonlinear
properties and consequent propagation of the probe pulse in free
space to form various diffraction patterns.

In this contribution, we present the mathematical model
for numerical simulation of probe laser pulse NDPM within a
sample with an inhomogeneous distribution of the nonlinear
refractive index and analyzed probe beam diffraction patterns
in various experimental conditions. The TRIDH approach
implies utilizing a collimated pump beam whose power density
is several orders of magnitude lower than that of the focused
beam. In this case, self-focusing inside the sample can be
neglected, and thus there is no necessity for time-consuming
numerical models based on the Schrodinger equation using the
finite-difference time domain [17,24].

In this study, two types of samples with inhomogeneities of
nonlinear optical properties are considered: (i) double-layered
optical materials with different nonlinear refractive index coef-
ficients in each layer (in practice, it can be composite optical
materials, such as gorilla glass [11] or all-optical logic gates in
layered waveguides [8]) and (ii) nonlinear optical media with
incorporated local impurities characterized by variation of a
local nonlinear photorefractive response (in practice, it can
be transparent composite materials with micro- and nano-
inclusions [25,26] of homogeneous materials with particles
deposited on the surface).

Basing on our numerical model, we demonstrate that both
types of nonlinear refractive index inhomogeneities can be
detected and studied using the TRIDH approach. Moreover,
several important features of the studied samples can be rapidly
evaluated from the obtained inline holograms. The developed
algorithm provides information on local nonlinear properties
that potentially can be used for the study of the structure–
function relationships required for modern nanotechnologies.
As will be shown, one of the most important requirements for
the successful study of such samples by the TRIDH technique
is comparable nonlinear responses from all the inhomogeneities
inside the sample. Otherwise, some n2 inhomogeneities with
low diffraction responses can be undetectable on the recorded
inline holograms due to the limited dynamic range of the matrix
photodetector and the presence of shot and coherent noise.
Moreover, as will be discussed in Sections 2.B and 4.B, the
numerical aperture and other parameters of the optical setup
should be suitable for detection and distinguishing of local
inhomogeneities of nonlinear refraction index in case of their
microscopic size.

The paper consists of the following. In Section 2, a gen-
eral optical scheme of probe pulse NDPM inside two types of
inhomogeneous samples is presented. The major features of
diffraction patterns, recorded in the cases of a double-layered
sample and sample with local inhomogeneities of nonlinear
optical properties, are discussed, and parameters of numerical
simulation are indicated. Section 3 considers a mathemati-
cal model utilized for simulation of inline holograms for the

two types of inhomogeneous samples. Both NDPM of the
probe pulse and wavefront propagation from the object to the
registration plane are described. The impact of major sample
parameters on the formed inline holograms is described in
Section 4, and the possibility of comprehensive sample charac-
terization using the obtained diffraction patterns is discussed.
This section also describes the major requirements of the studied
sample for robust detection of inhomogeneous distributions of a
nonlinear refractive index.

2. EXPERIMENTAL SETUP AND NDPM IN
INHOMOGENIOUS SAMPLES

Let us consider the probe pulse NDPM inside the sample under
study with inhomogeneous distribution of a nonlinear refractive
index in the experimental setup shown in Fig. 1(a). According
to the TRIDH technique, the probe pulse propagates along z
axis with low energy density normally incident onto the sample
surface, while the vector of the direction of the pump pulse is
not collinear to the vector of the probe beam and is given by the
angle β. The two pulses propagate inside the sample, as shown
in the inset in Fig. 1(b), and overlap with each other [gray area
in Fig. 1(b) is the overlap pathway], which leads to NDPM due
to induced variation of the refractive index 1n(x , y , z) in the
presence of a strong electric field [16]. The cross sections of total
phase shift accumulated in the result of NDPM [Fig. 1(c) and at
the right in Fig. 1(b)] demonstrate the differences for each of the
two layers due to the inherent differences of nonlinear refractive
index coefficients. Because the probe pulse power density Iprobe

is negligibly small in comparison to the power density of the
pump pulse Ipump in our consideration, we can neglect the beam
interference and refractive index gradient formation induced by
the probe beam. By variation of the position of the pump beam
delay line [Fig. 1(a)], one can shift the beam overlap pathway
along x coordinate and thus scan the sample.

The probe beam that carries the information about sample
response to NDPM diffracts during propagation from the sam-
ple output plane to the registration plane, located in the Fresnel
diffraction area. As a result of this process, recorded inline holo-
grams contain specific diffraction patterns [see an example in
Fig. 1(d)] that carry information about the occurring NDPM.
This NDPM diffraction signal depends on a number of experi-
mental parameters: propagation distance1z, sample thickness
d , angle β, absorption coefficient α, nonlinear refractive index
coefficient n2, and relaxation time of the induced nonlinear
response τ . Images in Figs. 3(b) and 3(f ) in [16] demonstrate
the impact of these parameters on the probe beam phase shift
profiles in the sample output plane and diffraction patterns in
the image plane.

Depending on the desired resolution and sensor param-
eters, the distance 1z may be varied. As a rule, it lies within
50–100 mm, but the configuration of the experimental
setup may be modified by the inclusion of a telecentric 4 f -
system. The system allows capturing high spatial frequencies
and increasing spatial resolution [27], which also affects the
propagation distance used in calculations.

Usually, the angle β is within the range of 15◦–30◦. Note
that a change in the pump beam incident angle β varies the
intersection area between two pulses and its position inside the
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Fig. 1. (a) TRIDH setup; inset explains the process of NDPM
inside the double-layered sample in (b) x z plane; (c) example of
phase distribution at the sample output plane; (d) diffraction pattern
obtained at the image plane. Gray area indicates pathway of pump and
probe pulses overlap area.

sample. When the incident angle is close to 0◦, the intersec-
tion area width is greater and its shifting along x coordinate
is insignificant. Such configuration of the experimental setup
does not allow to clearly distinguish between two layers in a
double-layered sample. Moreover, what is practically important
in this configuration is a risk of matrix photodetector damage by
the high-intensity pump beam. On the other hand, if the pump
pulse incident angle is too large, the intersection area will be
very narrow, and its shifting along x coordinate during the pulse
propagation inside the sample will be more significant. Practical
limitations with regard to increasing the angle are an increase
in the projection of the pump beam onto the sample, leading
to a decrease in the pump pulse power density and parasitic
diffraction and re-reflections on the sample butt-end.

As for the sample thickness limitation, the technique allows
studying objects from several dozens of micrometers (for exam-
ple, a track membrane with loaded quantum dots [28,29]) to
solid body samples up to several dozens of millimeters.

While the parameters1z, β, and d are defined by the experi-
mental conditions, α, n2, and τ are the inherent characteristics
of the investigated samples. The absorption coefficient can be

measured directly. But the dependence of the NDPM diffrac-
tion signals on the nonlinear refractive index coefficient n2

and relaxation time of the induced nonlinear response τ is pre-
cisely the basis of the proposed measurement approach. In this
work, we consider in detail such dependencies for the cases of a
double-layered sample and a carrier matrix with local nonlinear
impurities.

A. Probe Pulse NDPM in Double-Layered Sample

Let us assume that the investigated sample can be described as
inhomogeneous nonlinear optical media consisting of two lay-
ers with thicknesses d1 and d2 made from two optical materials
with different nonlinear refractive indices n′2 and n′′2 (such as
discussed, e.g., in [8,9]). We also assume that the difference
in refractive index and absorption coefficients is negligible. A
scheme of the two ultrashort pulses’ propagation and probe
pulse NDPM within the double-layered object in the [x , z] cross
section is presented in Fig. 1(b).

Due to noncollinear propagation of the pump and probe
beams and short pulse duration, the pulses interact with each
other only within a small area, indicated in Fig. 1(b) with yel-
low circles and the gray area. In dependence on the sign of the
nonlinear refractive index at each point, propagation of the
femtosecond pump pulse through the sample results in either
increase or decrease of the refractive index1n(x , y , z) in a local
area. Subsequently, the local gradient of the refractive index
induces variation of the phase shift of the probe pulse ϕ(x , y ) in
the area, where pump and probe pulses interact with each other.
During the propagation of these two pulses inside the sample,
the two pulses’ overlap area is slowly shifting along the x axis
due to the angle β 6= 0◦ between the probe and pump pulses.
This results in accumulation of a probe beam phase shift in a
somewhat different x coordinate, which results in simultaneous
sample “scanning” along the x and z axes. Therefore, in the
case of double-layered sample structure, NDPM of the probe
pulse in various layers corresponds to different x coordinates on
the finally induced total phase shift [black arrows in Fig. 1(b)].
Note that sample scanning along the x axis can be performed
by variation of the pump beam optical path using a delay line
[16] [Fig. 1(a)]. An example of the phase shift distribution
induced in the probe beam ϕ(x , y ) and its diffraction pattern
in the image plane are shown in Figs. 1(c) and 1(d). Note that
the obtained phase shift distribution and diffraction pattern are
homogeneous along the y axis in this case. Therefore, in this
subsection, as well as in Subsection 4.A, we will consider only
the phase shift and diffraction pattern profiles along the x axis,
as illustrated in the insets in Figs. 1(c) and 1(d). However, in
contrast to the case of a completely homogeneous sample con-
sidered in previous work [16], the generated diffraction pattern
is somewhat asymmetric due to the presence of two layers.

Note that the sharp border between two layers, however, is
“projected” ontoϕ(x )distribution in a much smoother manner.
Therefore, the interlayer border cannot be determined precisely
in phase distribution. This is due to a finite area of the two inter-
acting pulses and gradual relaxation of the induced refractive
index gradient with characteristic time τ , which depends on the
material properties and the type of optical nonlinearity [30].
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B. Probe Pulse NDPM in a Sample with Local
Inhomogeneities of Nonlinear Refractive Index

Let us assume that the investigated sample can be described
as a carrier matrix—optical media with thickness d
and homogeneous nonlinear refractive index nmedia

2 =

1.25 · 10−15 cm2/W, which has embedded impurities, defects,
or localized changes in the sample’s chemical compounds [11]
characterized by local inhomogeneities of nonlinear refractive
index (LINRIs). For simplicity, we assume that all of the local
impurities have a constant nonlinear refractive index nLINRI

2 ,
cylindrical shape with a radius of RLINRI

= 12 µm, thick-
ness of dLINRI

= 14 µm, and oriented along the probe beam
propagation direction.

The LINRIs are randomly distributed within the sample, and
their volume concentration is equal to c LINRI. A scheme of the
probe pulse NDPM in the double-layered object, in this case in
the [x , z] cross section, is presented in Fig. 2(a). The locations
of both femtosecond pulses in three time moments are denoted
with solid, dashed, and dotted lines. The plot on the right indi-
cates a phase shift profile induced in the probe pulse. Note that
the probe pulse NDPM inside LINRIs results in a much higher
phase shift than inside homogeneous media.

Similar to the case described in Fig. 1, the ultrashort pulses
overlap only within a small local area that shifts during propa-
gation. In the course of their propagation, phase shift ϕ(x , y ) is
induced in the probe wave due to the refractive index gradient
generated by the pump pulse. When two pulses’ overlap area
passes through one of the LINRI (see time t2 in Fig. 2), the
induced phase shift can vary considerably, depending on the
nLINRI

2 value [see the local peak in the left inset in Fig. 2(a)].
Therefore, besides the previously discussed phase shift induced
by the probe pulse NDPM within the double-layered media,
the resulting phase distribution of the probe beam may also
contain local phase shift maxima [Fig. 2(b)], which forms

Fig. 2. (a) Scheme of probe pulse NDPM in the object with LINRI
in x z plane; examples of: (b) phase distribution at the object plane;
(c) diffraction pattern obtained at the image plane.

a diffraction pattern with concentric rings on the recorded
intensity distribution [Fig. 2(c)]. Since the TRIDH approach
is based on detection of diffraction patterns generated from a
local phase gradient, transverse spatial resolution of local inho-
mogeneities Rtransv depends on the numerical aperture of the
optical system [Fig. 2(a)], utilized for intensity pattern detection
Rtransv = 0.61λ/NA. Thus, the presence of local impurities,
characterized by the variation of nonlinear refractive index
coefficients, can be easily detected on the recorded probe beam
diffraction patterns.

3. MATHEMATICAL MODEL OF NDPM AND
FORMATION OF INLINE DIGITAL HOLOGRAM

In this section, a mathematical description of the algorithm for
simulation of the probe pulse NDPM in optical media with
inhomogeneous distribution of the nonlinear refractive index
n2(x , y , z) is described. Let us assume that two femtosecond
pulses propagate in optical media with linear refractive index
n = const and nonlinear refractive index coefficient n2(x , y , z).
Herein for simplicity, we consider that the sample’s linear part
of the refractive index is constant, while its nonlinear refractive
index coefficient has an arbitrary three-dimensional distribu-
tion. Due to the initial angle between the pulses β the pump
pulse propagates inside the sample at an angle θ = arcsin( sin β

n )

because of refraction. Note that pump pulse refraction at the
layer boundary is not taken into account due to assumption of
n = const. If the probe pulse power density is extremely small,
we may neglect nonlinear effects produced by this wave. On the
other hand, pump pulse power density Ipump should be high
enough to induce considerable nonlinear optical effects in the
media, i.e., to generate refractive index gradient nvar(x , y , z)
with exponential relaxation at characteristic relaxation time
τ . In our numerical experiment, 35 fs pump pulse energy
density was set to approximately 2.2 mJ/cm2 according to
conditions in the experiment. The power density of the probe
beam was 50 times lower. Thus, phase shift variation ϕ(x , y ) of
the probe wave takes place due to its interaction with induced
refractive index gradient 1n(x , y , z). This results in forma-
tion of a diffraction pattern in the probe wave, recorded by a
photodetector array at a distance1z.

A. Simulation of Inhomogeneous Distribution of
Nonlinear Refractive Index

Prior to the stepwise algorithm implementation, a simulation of
three-dimensional distribution of the nonlinear refractive index
should be performed. As already mentioned, in this paper, two
types of such inhomogeneities are considered.

The first one is the double-layered sample with layer thick-
nesses of d1 and d2 made from different optical materials with
nonlinear refractive indices n′2 and n′′2 correspondingly. It can be
defined as follows:

n2(x , y , z)=
{

n′2, if 0< z< d1;

n′′2, if d1 < z< d1 + d2.
(1)

The second one is the carrier matrix with thickness d and
homogeneous nonlinear refractive index nmedia

2 = const
with embedded local impurities, characterized by LINRIs.
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These LINRIs having a cylindrical shape with radius RLINRI and
thickness dLINRI are simulated as follows:

n2(x , y , z)=

nLINRI
2 , if

{
z0 < z< z0 + dLINRI

;

(x − x0)
2
+ (y − y0)

2 < R2
;

nmedia
2 , elsewhere.

(2)
Here x0, y0, and z0 are local coordinates that define the position
of each specific inhomogeneity.

B. Stepwise Algorithm for NDPM Simulation

Once n2(x , y , z) distribution is calculated, the following step-
wise algorithm is used for simulation of the phase shift image
induced in the probe wave during its propagation inside the
sample along with the pump pulse. The algorithm is performed
until the probe wave reaches the exit plane of the object at
thickness z= d , where d = d1 + d2 in the first case and d in the
second. Each step of the algorithm corresponds to time delay1t
and consists of six operations.

(i) Decrease of induced refractive index gradient due to relax-
ation process:

1n j (x , y , z)=1n j−1(x , y , z) exp−1t/τ . (3)

Here1t is the time step characterizing the propagation of pulses
inside the sample, and j is the step number of the algorithm.

(ii) Pump pulse shift in nonlinear media:

I j
pump(x , y , z)

= I j−1
pump

(
x +

c
n
1t sin(θ), y , z+

c
n
1t cos(θ)

)
. (4)

(iii) Absorption of the pump pulse:

I j
pump = I j

pump exp−a/( c
n1t) . (5)

(iv) Refractive index gradient generation due to nonlinearity:

1n j (x , y , z)=1n j−1(x , y , z)

+ I j
pump(x , y , z)n2(x , y , z). (6)

(v) Shift of the probe pulse:

z j
pr = z j−1

pr +
c
n
1t . (7)

(vi) Variation of probe beam phase distribution:

ϕ j (x , y )= ϕ j−1(x , y )

+
2π c

n1t1n(x , y , z)δ(x , y , z− zpr)

λ
, (8)

where a delta function is used to calculate the location of the
probe beam at each time moment.

C. Propagation of Modulated Probe Wave to
Registration Plane

At the end of the calculation, the final integral distribution
of the phase shift ϕ(x , y ) in the probe wave is formed at the

exit plane of the sample, which we will further denote by
coordinate z= 0. This phase shift is responsible for the forma-
tion of the diffraction pattern in the inline digital hologram.
Further, for a probe wavefront carrying two components
u(x , y , z= 0)= uo (x , y , z= 0)+ ur (x , y , z= 0)= exp(iϕ
(x , y ))+ ur (x , y , z= 0), the diffraction pattern u(x , y , 1z)
is calculated in the registration plane, where the inline digital
hologram is formed. The calculation is carried out by numeri-
cally solving the diffraction integral describing the propagation
of the wavefront at a fixed distance1z. The diffraction integral
is calculated using the field representation in the form of the
angular spectrum of plane waves [31]:

U( fx , f y , z= 0)=

∞∫
−∞

∞∫
−∞

u(x , y , z= 0)

× exp(−2π i(x fx + y f y ))dxdy . (9)

Then the equation describing the evolution of the transverse
component of the diffracted field can be written as

g ( fx , f y , z)=U( fx , f y , z= 0)H( fx , f y , 1z), (10)

whereH( fx , f y , 1z) is the transfer function

H( fx , f y , 1z)=


e

i 2πn
λ
1z

√
1− λ

2

n2 ( fx
2+ f y

2),

if( fx
2
+ f y

2)≤ n2

λ2 ;

e
−

2πn
λ
1z

√
1− λ

2

n2 ( fx
2+ f y

2),

if( fx
2
+ f y

2) > n2

λ2 .

(11)

It should be noted that in the general case, negative values of the
radical expression give solutions corresponding to the propaga-
tion of evanescent waves.

Further, transitioning from spatial frequency coordinates
( fx , f y ) to a spatial one (x , y ) using the inverse two-
dimensional Fourier integral, we obtain the field at a distance
1z from the plane z= 0:

u(x , y , 1z)=

∞∫
−∞

∞∫
−∞

g ( fx , f y , 1z)

× exp(2π i(x fx + y f y ))d fx d f y . (12)

An inline digital hologram is formed then in the registration
plane (x , y , 1z):

H(x , y )= |u(x , y , 1z)|2 = |uo |
2
+ |ur |

2
+ u∗o ur + uo u∗r .

(13)
Here the terms |uo |

2
= 1 due to the presence of phase-only

wavefront perturbation, |ur |
2 are responsible for the zero order,

and the terms u∗o ur + uo u∗r contain the analyzed diffraction
pattern. For simplicity, the dependence of the terms in the right
part of the equation on coordinates was omitted, assuming that
further consideration will be carried out for the registration
plane.

The next stage is the numerical processing of inline holo-
grams to suppress the zero-order term. To do so, the background
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image obtained in the absence of a pump pulse is subtracted
from each inline digital hologram:

u∗o ur + uo u∗r = H −
(
1+ |ur |

2) . (14)

Note that in this numerical simulation, we do not consider
coherent or shot noise and its impact on the observed diffraction
patterns. However, in real experiments, a zero-order elimination
process should be performed to increase the signal-to-noise ratio
of the recorded diffraction patterns. Due to comparatively low
phase modulation of the probe beam, contrast of the produced
diffraction patterns should be increased using data averaging
and image filtration in the Fourier domain, as we previously
described in [16].

4. ANALYSIS OF INDUCED PHASE
MODULATION AND DIFFRACTION PATTERNS

A. Double-layered Object

In the case of the double- (or even multi-) layered structure of
the studied object, the extracted diffraction patterns resemble
the diffraction of a coherent plane wave on a slit. Such patterns
are very similar to those detected from single-layer objects with
a constant nonlinear refractive index within the sample, which
were considered in detail in previous work [16]. However, in the
case of a multilayered structure, strong asymmetry may appear,
as will be discussed below.

1. Impact of RelativeNonlinear Refractive Index of the Two
Layers

In the case of double-layered optical media with comparable
thickness phase shift distribution consists of two clearly dis-
tinguishable areas, corresponding to each of the two layers, as
shown in Fig. 1(b). In the first set of simulations, we assume
that thicknesses of the layers and nonlinear refractive index
of the first material are constant and equal to d1 = 0.5 mm,
d2 = 2 mm, and n′2 = 1.27 · 10−13 cm2/W, respectively.
Meanwhile the nonlinear refractive index of the second material
varies from n′′2 = 1 · 10−13 cm2/W to n′′2 = 1 · 10−16 cm2/W.
In this case, a change in the nonlinear refractive index simply
results in variation of the phase shift induced in the second part
of the phase distributions to the second layer of the sample.

Several phase shift cross sections with different values of n′′2
along with the phase shift induced by the reference single-layer
sample (dotted curve) are demonstrated in Fig. 3(a). Such
variation of ϕ(x ) distribution leads to generation of more or
less asymmetric diffraction patterns [Fig. 3(b)]. The degree of
diffraction pattern asymmetry depends on the ratio between
the nonlinear refractive indices of the two layers. The most

asymmetric profile can be observed when
n′2
n′′2
= 2, while further

decrease in n′′2 value results in generation of a completely dif-
ferent diffraction pattern with a lower degree of asymmetry. In

the case of a sufficiently high
n′2
n′′2

ratio, the probe pulse NDPM

in the second layer can be neglected, and an almost completely
symmetric diffraction pattern corresponding to the object with
total thickness d = d1 and constant nonlinear refractive index
n2 = n′2 can be observed.

Fig. 3. Impact of nonlinear refractive index of the second layer
on (a) phase profiles and (b) diffraction patterns of the probe beam.
Impact of relative thickness of the object first layer on (c) phase profiles
and (d) diffraction patterns of the probe beam. Impact of various
thicknesses and negative refractive indices of the first layer on (e) phase
profiles and (f ) diffraction patterns of the probe beam. Reference curve
indicated with dotted line corresponds to a single layer sample with
dref = 2.5 mm and nref

2 = 1.27 · 10−13 cm2/W.

2. Impact of the TwoLayers’ Relative Thicknesses

Besides the impact of the relative nonlinear refractive index
of two layers, it is interesting to consider diffraction patterns
obtained in the case of different relative thicknesses of the lay-
ers. To investigate the impact of this parameter of the sample
on the observed diffraction pattern, we simulated the probe
pulse NDPM in the cases of various d1

d2
ratios. Nonlinear

refractive indices of the layers in this case were fixed at the val-
ues n′2 = 1.27 · 10−13 cm2/W and n′′2 = 1 · 10−14 cm2/W.
While total thickness of the object was constant and equal to
d = 2.5 mm, the d1

d2
ratio was varied from ≈0.05 to ≈25. We

have found that a change in this parameter results in noticeable
deformation of the phase shift profile. In particular, either an
increase or decrease in the area, corresponding to the first layer
with a higher nonlinear refractive index [Fig. 3(a)], is observed.
Note that the size of this area on the φ(x ) plot is not linearly
proportional to the thickness of the first layer d1. The major
reasons are a gradual relaxation of the induced refractive index
gradient and overlap between two pulses within a small area, as
mentioned in Subsection 2.A. The described changes in phase
shift distribution result in a variation of the diffraction pattern
shape as well as its amplitude [Fig. 3(d)].
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3. Impact of Different Signs ofNonlinear Refractive Indices of
TwoLayers

Another interesting case is the double-layered object made from
material with different signs of nonlinear refractive indices. In
this case, two areas of phase shift induced in the probe pulse
demonstrate different signs of the phase shift. This results in a
dramatic gradient in the phase shift profile of the probe pulse
[see black and red curves in Fig. 3(e)], which leads to an increase
in diffraction pattern modulation and rise of its asymmetry
[Fig. 3(f )]. It should be noted that if phase shifts induced by the
two layers are significantly different, the only insignificant varia-
tion of the diffraction pattern will be observed in comparison to
the reference single-layer sample.

B. Local Nonlinear Impurities Inside the Object

In the case of randomly distributed LINRIs within the studied
object, the obtained intensity distribution consists of both
diffractions on the LINRIs and blackcarrier matrix. In Fig. 4,
representing numerically simulated intensity distribution, a
vertical diffraction pattern (concentric vertical lines) corre-
sponds to the probe pulse NDPM in the carrier matrix, while
spherical diffraction patterns (concentric rings) are due to the
probe pulse NDPM on LINRIs. As will be shown below, the
relative intensity of these two diffraction pattern types depends
on the relative thickness and nonlinear refractive index of the
blackcarrier matrix and local impurities. Due to the micro-
and nano-sizes of local inhomogeneities, LINRI diffraction
patterns can be distinguished if their nonlinear refractive index
is significantly higher than the black one of the blackcarrier
matrix. Taking into account the nonlinear refractive index of
typical homogeneous samples such as silica or quartz glasses on
the order of magnitude 10−15

−10−16 cm2/W, the diffraction
pattern of the local impurities can be clearly distinguished in
the case of nLINRI

2 ∼ 10−8
−10−10 cm2/W or even higher, as

reported, e.g., in [32,33].

1. Impact of nLINRI
2 onDiffractionPatterns

Let us consider the dependence of the detected diffraction pat-
tern parameters on the magnitude of the nonlinear refractive
index of LINRI. Since the nonlinear refractive index of LINRI
directly impacts the amount of phase shift induced to the probe
wave, diffraction pattern modulation amplitude [calculated
as shown in Fig. 4(c)] is linearly proportional to the induced
probe wave phase shift and nLINRI

2 value. Because the diffraction
patterns in Figs. 4(a)–4(c) are normalized to provide better visu-
alization, an increase in LINRI maximum intensity modulation
can be observed as the fading of the diffraction pattern induced
by the probe pulse NDPM in the carrier matrix (see also the
grayscale legend). Note that the major variation of the LINRI
diffraction patterns in Figs. 4(d)–4(f ) is observed for the bottom
one, where the corresponding impurity is located directly within
the area of the pulse intersection, and the other impurities are
not. Therefore, the sign of the relaxation lifetime does not
significantly affect the other LINRI diffraction patterns.

Fig. 4. Results of numerical simulation of intensity distri-
butions resulted from probe pulse NDPM in glass plate with
embedded LINRI with different nonlinear refractive indices:
(a) nLINRI

2 = 1.56 · 10−13 cm2/W, (b) nLINRI
2 = 1.25 · 10−12cm2/W,

(c) nLINRI
2 = 1 · 10−11 cm2/W; and different relaxation times of

induced refractive index gradient: (d) τ LINRI
= 15 fs, (e) τ LINRI

=

0.54 ps, (f ) τ LINRI
= 3.24 ps.

2. Impact of τ LINRI onDiffractionPatterns

The developed numerical model of the probe pulse NDPM
in optical media with LINRIs has shown that variation of the
relaxation time of the induced refractive index gradient in
LINRI τ LINRI results in a minor change in diffraction pattern
intensity modulation and somewhat variation of its structure
at high values of τ LINRI. An increase in τ LINRI leads to a higher
overlap area between pump and probe pulses taking place. In
this case, diffraction will be observed for LINRIs located in
areas where the delay between pump and probe pulses is close
to the characteristic time of nonlinear refractive index relax-
ation. As a result, new areas of the diffraction pattern appear as
τ LINRI value increases, shown in Fig. 4(e) (highlighted by blue
circle). Another consequence of τ LINRI increase is a growth of
maximum modulation intensity of some LINRIs, which is due
to higher effective pump–probe pulses’ interaction time as a
result of longer 1n(x , y , z) relaxation. Similar to the previous
subsection, it appears as a fading of diffraction patterns induced
by some LINRIs (see also the grayscale legend). Moreover, an
increase in LINRIs results in formation of rather asymmet-
ric diffraction patterns of concentric rings, as can be seen in
Fig. 4(f ) [in comparison to Fig. 4(c)]. In contrast to the case
of homogeneous n2 distribution in thick media considered
previously [16], such asymmetric diffraction patterns are clearly
visible only in the case of extremely high values of τ LINRI, which
makes difficult estimation of this value for the situation of
rapidly relaxing LINRIs.

3. Impact of LINRI z-Axis Position

An interesting feature of the TRIDH approach is that besides
the determination of LINRIs coordinated along x and y axes,
their z coordinate inside a sample can be roughly evaluated by
analysis of the obtained diffraction pattern. As mentioned
earlier, the angle β between the probe and pump beams’
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Fig. 5. Examples of (top) diffraction patterns and (bottom) schemes
of probe pulse NDPM: (two top rows) at different depths of LINRI
location inside 1-mm-thick object: (a) h ≈ 50 µm, (b) h ≈ 500 µm,
(c) h ≈ 750 µm; and (two bottom rows) obtained for various relative
positions of two LINRIs within the overlap pathway: (d) at the same
and (e), (f ) various x coordinates, wherein two LINRIs are located
(d) beside and (e), (f ) far from each other, and one of the LINRIs is
located slightly aside from the overlap pathway (e).

propagation of these pulses inside the sample results in shift-
ing of their overlap area along the x axis in the direction of
pump pulse propagation. Therefore, different positions of
LINRIs along z coordinate result in various locations of their
diffraction response with respect to diffraction patterns on
homogeneous nonlinear media. In analogy with Fig. 2, typical
diffraction patterns for various depths of LINRIs are illustrated
in Figs. 5(a)–5(c). One can see that different z coordinates of
individual impurities lead to various x positions within the
optical media diffraction pattern.

Note that various relative positions of multiple LINRIs in
the sample may result in different types of diffraction patterns.
For example, when two LINRIs are located beside each other
in almost the same x coordinate, their individual responses
cannot be resolved [Fig. 5(d)]. However, the variation of the
relative time delay between pump and probe pulses may be
used to separate their signals on the diffraction pattern. To do
so, one should choose such a relative delay between pump and
probe pulses that only one of the two LINRIs would be outside
the overlap area [similar to Fig. 5(a) where the second LINRI is
located outside the overlap pathway at the same x coordinate].
In this case, as the overlap pathway shifts away from the LINRI,
its total phase shift decreases, as shown for one of the LINRIs
in Fig. 5(e). On the other hand, when two LINRIs are located
at different x coordinates within the same overlap pathway, the
effect of the presence of two LINRIs can be clearly seen in the
diffraction pattern [Figs. 5(e) and 5(f )].

While transverse spatial resolution of LINRI positions can be
estimated from a numerical aperture of the optical system, the
longitudinal one relies on the overlap pathway, which depends

on many parameters including pump pulse incident angle β,
refractive index of the studied media n, femtosecond pulse
duration, refractive index relaxation time τ , and relative con-
trast of diffraction patterns of LINRIs and the carrier matrix.
An example of the case when two LINRIs cannot and can be
distinguished is presented in Figs. 5(d)–5(f ).

5. DISCUSSION AND CONCLUSION

We have shown that both considered types of nonlinear refrac-
tive inhomogeneities can be clearly detected using TRIDH. The
double-layered structure of the studied object can be detected
by observation of the characteristic asymmetrical diffraction
pattern of the probe beam. The intensity modulation and degree
of asymmetry, in this case, correlate with the difference between
thickness and nonlinear refractive indices of the two layers. The
only requirement for robust detection of the layered structure
of the object in this case is comparable products of nonlinear
refractive index and thickness of each layer d1 · n′2 ∼ d2 · n′′2 .
In principle, similar asymmetric diffraction patterns would be
observed in the general case of a multilayered sample.

Local microscopic inhomogeneities of a nonlinear refrac-
tive index can also be easily detected as concentric rings on
the diffraction pattern. Visibility of such responses from local
impurities directly depends on dLINRI

· nLINRI
2 and its compa-

rability with the dmedia
· nmedia

2 value of the carrier matrix. These
limitations can be decreased if advanced 12- or 16-bit cameras
are used to record inline holograms. In this case, even diffraction
patterns with low-intensity modulation from inhomogeneities
with a minor nonlinear contribution can be detected. Moreover,
we have shown that a variation of τ LINRI results in a different
degree of LINRI diffraction asymmetry. Due to shifting of the
two pulses’ overlap area along the x axis within the sample,
the depth of the embedded LINRI can be estimated from the
relative location of diffraction patterns from LINRIs and the
carrier matrix along x coordinate.

Note that in the experimental study, much attention should
be paid to ensure that the observed diffraction patterns originate
from nonlinear optical phenomena. Therefore, prior to the
experiment diffraction pattern of the probe beam without a
pump pulse and vice versa should be recorded and analyzed.
To clearly distinguish between diffraction patterns induced by
linear and nonlinear optical phenomena, one should check if
the modulation amplitude of the observed diffraction patterns is
linear with respect to the pump pulse energy density.

Therefore, analysis of inline digital holograms obtained by
the TRIDH method can be successfully used for rapid detection
of various types of nonlinear refractive index inhomogeneities.
Analysis of the obtained diffraction patterns can also be used
for evaluation of some major parameters of the inhomogeneous
distribution. Taking into account the moderate power density
of the pump beam due to its collimated configuration, rapid
data acquisition, and fast sample scanning along only a single
coordinate, TRIDH can be useful in various applications from
routine quality control of optical materials manufacturing to
characterization of novel composite materials.
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